Entanglement of Orbital Angular Momentum States 
between an Ensemble of Cold Atoms and a Photon 
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Recently, atomic ensemble and single photons were successfully entangled by using collective 
enhancement [D. N. Matsukevich, et al., Phys. Rev. Lett. 95, 040405(2005).], where atomic internal 
states and photonic polarization states were correlated in nonlocal manner. Here we experimentally 
clarified that in an ensemble of atoms and a photon system, there also exists an entanglement 
concerned with spatial degrees of freedom. Generation of higher-dimensional entanglement between 
remote atomic ensemble and an application to condensed matter physics are also discussed. 
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I. INTRODUCTION 

Higher-dimensional bipartite entangled states enable 
us to achieve more efficient quantum information pro- 
cessing [l|, 0], for example by enhancing optical data 
traffic in quantum communications compared to usually 
employed two-dimensional entanglement between qubits. 
Such higher-dimensional entangled states can be created 
by using Laguerre-Gaussian (LG) modes, since photons 
in LG modes carry orbital angular momenta (QAM) 
which can be utilized to define an infinite-dimensional 
Hilbert space [3|. Inspired by the pioneering experi- 
ment using parametric down-conversion (PDC) [J], var- 
ious protocols have been demonstrated using the 0AM 
states of photons [5, 6\ . 

Recently, two-dimensional entanglement of a collec- 
tive atomic excitation and a single photon has been suc- 
cessfully generated 7,] using 'DLCZ' scheme Q- Two- 
dimensional entanglement of two remote atomic ensem- 
bles has also been reported [3,[i3|- However, so far there 
has been no discussion about important aspect related to 
spatial degrees of freedom of a collective atomic excita- 
tion and a photon. In this paper, we report entanglement 
of QAM states between these two carriers of information. 
While the measurement basis utilized in this study is lim- 
ited to two dimensions, it is natural to presume that our 
system possesses higher-dimensional entanglement over 
a wide range of QAM. Producing higher-dimensional en- 
tanglement between two remote long-lived massive atoms 
is an important step toward the realization of intricate 
tasks of quantum information. 



II. THEORETICAL MODEL 

Figure l-(a) shows a schematic of our experimental 
setup. We consider ensemble of atoms having the level 



structure of |a) , \b) and |c). Initially, all of the atoms 
are prepared in level |a). A classical write pulse tuned 
to the I a) -^ \c) transition with proper detuning A is 
emitted from a single mode fiber (SMFl) and is incident 
on the atomic ensemble. In this process, the \c) -^ \b) 
transition is induced and an anti-Stokes photon is gen- 
erated. The write pulse is weak and its interaction time 
is short so that the probability of scattering one anti- 
Stokes photon into a specified mode is much less than 
unity for each pulse. We are interested in LG (LGpm) 
modes and a Gaussian (LGoo) niode. Linearly polarized 
light having well-defined orbital angular momentum can 
be described by LGp™ modes with the two indices, p and 
TO, p-|- 1 is the number of radial nodes and the azimuthal 
mode index m identifies the number of the 27r-phasc shifts 
along a closed path around the beam center. In our ex- 
periment, we consider only hGom niodes, i.e. the radial 
index p = 0. LGo,„ modes have a doughnut-shape inten- 
sity distribution and carry corresponding 0AM of mh per 
photon 3] , which can be utilized to constitute an infinite- 
dimensional basis. Mode detection of the anti-Stokes 
photon is performed using a computer generated holo- 
gram (HI) and a single-mode fiber (SMF2). We can also 
analyze superpositions of an LGoo mode and an LGgi 
mode by shifting the dislocation of the hologram out of 
the center of the beam by a certain amount [llj. Here 



we define 



/AS 



to be the state of an anti-Stokes photon 



with 0AM of mh. 

In the ideal case, detection of a single photon in a 
certain spatial mode results in the ensemble of atoms 
containing exactly one excitation in the corresponding 
collective atomic mode. The collective atomic spin ex- 
citation operator is successfully defined as 5*^(1^), where 
Lp{r) corresponds to the spatial distribution of the rel- 
ative phase between the write pulse and the detected 
anti-Stokes photon. 

The excited state of the atomic ensemble is given by 
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FIG. 1: (color online), (a) Schematic of experimental setup. 
Write and read pulses propagate into a cloud of cold ^'^Rb 
atoms (MOT), and generate the correlated output pair of 
anti-Stokes (AS) and Stokes (S) photons. SMFl, 2, 3, and 
4, single mode fibers; HI and H2, computer generated holo- 
grams; Dl and D2, detectors; TIA, time interval analyzer, 
(b) Depicts the timing sequence for data acquisition. 



^Hf) N)a) where the initial state of the ensemble is 
\i)^ = (E)j \aj). The atomic ensemble therefore memo- 
rizes the relative phase between the write pulse and the 
anti-Stokes photon. The write pulse has the mode profile 
of LGoo and propagates in the direction of wave vector 
kw, which is determined by SMFl. Here we only con- 
sider the anti-Stokes photon propagating in the direction 
of kAs determined by SMF2, which is almost the same 
as the direction of kw- Then, the relative phase (p{r) is 
determined by the spatial mode profile of the detected 
anti-Stokes photon. 

Suppose that the detected photon has the mode of 
LGom, and let iy9m(r) be the relative phase in this case. 
The atomic ensemble is then in the excited state |— m.)^ = 
S'{ip,n) |*)a, which has the angular momentum with the 
opposite sign, —mh, due to the angular momentum con- 



servation law. The variation of (/9m(r) along a closed 
path around the anti-Stokes beam axis is 2m7r, imply- 
ing that the atomic ensemble memorizes the phase struc- 
ture of the emitted anti-Stokes photon including singu- 
larity. Considering angular momentum conservation law 
between anti-Stokes photon and an atomic ensemble, the 
whole state of these is a coherent superposition of angular 
momentum states, which is written as 
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where p and |vac)^g represent the excitation probability 
and the vacuum state of the anti-Stokes photon. The 
amplitude Cm for each 0AM state is expected to depend 
on the spatial shape of the region where the write pulse 
interacts with the atoms [I3|. In the case of negligibly 
small 0{p), we obtain 



l*>AS&a = |vac)As|J)a 
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(2) 



This is a probabilistic higher-dimensional entangled state 
between an atomic ensemble and a photon. In the present 
work, we investigated the entanglement concerned with 
TO = and TO = 1 and thus experimentaly expected 
entangled state can be written down as 

l*(7)> = ^=^ (|0)as |0). + 7 l + l>AS hl>a ) , (3) 

where complex number 7 represents relative phase and 
amplitude. 

The entanglement shown in Eq.Q can be verified as 
follows. After a variable delay St, we convert the atomic 
excitation to a single photon (Stokes photon) by illu- 
minating the atomic ensemble with a laser pulse (read 
pulse) resonant on the \b) -^ \c) transition. Note that 
the efficiency of this transfer can be very close to unity 
because it corresponds to the retrieval process based on 
electromagnetically induced transparency |12l |. Atom- 
photon entanglement, therefore, can be checked by mea- 
suring quantum correlation between the anti-Stokes and 
Stokes photons. Since we detect the Stokes photon 
counter-propagating with respect to the anti-Stokes pho- 
ton, the value of the 0AM of the Stokes photon in the di- 
rection of propagation is equal to that of the anti-Stokes 
photon 
photon with 0AM of mh 



We use |TO)g to denote the state of a Stokes 



III. EXPERIMENT 

In the experiment, we created an optically thick (opti- 
cal depth r^ 4) cold atomic cloud using a magneto-optical 



trap (MOT) of ^'^Rb. The levels {\a) ,\b)} correspond 
to 551/2, P = {2,1} levels, respectively, and the level 
\c) corresponds to 5Pi/2, F' = 2. The experimental se- 
quence is shown in Fig.l-(b) schematically. One cycle 
of our experiment comprised of a cooling period and a 
measurement period, and both periods had durations of 
500 /iS. After the cooling period, the magnetic field, the 
cooling and the repumping lights were turned off. The 
repumping light was left on for an additional 13.4 /xs af- 
ter the cooling light was turned off, in order to prepare 
the initial state \i). Our vacuum cell was magnetically 
shielded by a three-fold permalloy and the residual mag- 
netic field was about 100 ^G. However, influence of eddy 
current prolonged the decay time of the magnetic field, 
meaning that the residual magnetic field at MOT point 
during measurement process was actually about 200 mG. 
In the measurement period, the vertically polarized write 
and read pulses illuminated the atomic ensemble with a 
repetition cycle of 1 /is. Each cycle finished with illumi- 
nation of 200 ns long repumping pulse to initialize the 
atomic ensemble. The write and read pulses were pro- 
duced by external cavity laser diodes (ECLDs), and their 
spatial modes were purified by passing through SMFl 
and SMF3, respectively. A 100 ns long write pulse hav- 
ing 250 nW peak intensity was focused into the atomic 
ensemble with a Gaussian beam waist of 400 /im, where 
the detuning of the write pulse was set to —10 MHz. Hor- 
izontally polarized anti-Stokes photons were coupled to 
a single mode fiber (SMF2) after being diffracted by the 
computer generated hologram (HI). The coupling effi- 
ciency to SMF2 was maximized for the LGqo rnode hav- 
ing a beam waist of 140 /xm at the center of the atomic 
ensemble. We utilized a reflection-type phase hologram 
blazed to increase the diffraction efficiency up to 45%. 
Two types of holograms were used in the experiment, 
one having no dislocation and the other having a single 
dislocation located at its center. Our experiment using 
classical light demonstrated that the combination of a 
hologram and a single mode fiber could achieve mode de- 
tection with a distinction ratio of approximately 1000 : 1 
between IjGqo and IjGqi modes. Please note that the 
estimated excitation probability refers to the particular 
LG mode. 

After the writing process, a 100 ns long read pulse 
having a 150 /iW peak intensity was irradiated to the 
atomic ensemble. Here the read pulse was resonant on 
the atomic transition. In all of the experiments the vari- 
able delay time 5t was set to 100 ns. Horizontally po- 
larized stokes photons were collected by SMF4 using an 
optical system similar to that used for anti-Stokes pho- 
tons. 

Two single mode fibers (SMFl, SMF3) were aligned so 
that the write and the read pulses counter-propagating 
along the z axis shared the same single spatial mode. 
Similarly, anti-Stokes and Stokes photons counter- 
propagating along the z' axis shared a single spatial mode 
when the corresponding mode conversions were chosen 
for the holograms. The crossing angle between the z 



and z' axes was set to about 2.5° in order to spatially 
separate the weak anti-Stokes (Stokes) photons from the 
strong write {read) pulses |13l |. 

The anti-Stokes and Stokes photons coupled into SMF2 
and SMF4 were directed onto silicon avalanche photo- 
diodes Dl and D2 (Perkin-Elmer model SPCM-AQR- 
14; detection efficiency, 0.62) for photon counting. The 
outputs of Dl and D2 were fed to the start and the 
stop inputs of the time interval analyzer (TIA). Fig.2-(a) 
shows the experimental results for the time-resolved coin- 
cidence over 1000 s between the anti-Stokes photons and 
Stokes photons of LGqo mode, from which the normal- 
ized cross intensity correlation function was estimated to 
be 5AS,s(0) = 22.2 ± 2.9. The repetition rate of our 
experiment was 4.5 x 10^ s~^. The count rate for the 
anti-Stokes photons was 3.1 x 10^ s~^ and the coincidence 
count rate was 2.0 s~^. The measured transmission ef- 
ficiency from the atomic ensemble to the detector was 
about 0.17. The estimated excitation probability with 
respect to the particular LG mode is about 6.6 x 10""^, 
which confirms that the detected photons were well ap- 
proximated by the single photon state. 
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FIG. 2: (color online), (a) Time-resolved coincidence counts, 
where the time resolution was set to 1.6ns. (b), (c) and (d) 
are the coincidences in the various measurement basis. 



IV. ENTANGLEMENT ESTIMATION 

In order to evaluate the entanglement of 0AM states, 
we investigated the coincidence counts under the various 
measurement bases. Here we utilize the following nota- 
tion: 1+) ^ (|0) + |1))/V2, |-) ^ (|0) - \l))/^, \u) ^ 
(|0)+i |l))/y2and \d) = (|0)-i \l))lV2. Figs.2-(b), (c), 
and (d) graphically show the coincidence counts between 
anti-Stokes photons and Stokes photons, where the mea- 
surement was performed for four possible combinations of 
the three sets of orthogonal states {|0) , |1)}, {1+) , |— )}, 
and {|u) , \d)}. In the experiment, drifting of the opti- 
cal alignment was inevitable due to the complexity of the 
system and each measurement was thus performed over a 
relatively short duration (100 s). Fig.2-(b) clearly shows 
correlation of 0AM between anti-Stokes and Stokes pho- 
tons arising from angular momentum conservation law. 
Note that such a correlation can be obtained even in 
the case of a simple mixture of |0)^g |0)g and |1)as |1)s 
states. The characteristics of entanglement can be found 
from Figs. 2- (c) and (d), where strong correlation was ob- 
served on the basis with superposition states. In order 
to verify whether the system was really entangled or not, 
we calculated a lower bound of the fidelity to the max- 
imally entangled state (|0)as |0)s + I-'-)as |1)s)/v^ from 
the coincidences determined from Fig.2-(c) and (d) [ij]. 
The lower bound is given by p -I- q — 1, where p {q\ is the 
diagonal fraction in Fig. 2- (c) {(d)}, and is calculated as 
0.70 ± 0.08 > 0.5. This confirms entanglement between 
anti-Stokes and Stokes photons. From these results, en- 
tanglement of the 0AM states between anti-Stokes pho- 
ton and the atomic ensemble was verified. 

For the determination of the full state of the atoms and 
the anti-Stokes photon, we performed two-qubit state to- 
mography [iSl Il6| , where the density matrix was recon- 
structed from the experimentally obtained coincidences 
for various combinations of the measurement basis. A 
graphical representation of the reconstructed density ma- 
trix is shown in Fig. 3. From the density matrix, the 
entanglement of formation (EOF) and the purity are es- 
timated to be 0.76 ± 0.17 and 0.92, respectively. 

Here we discuss the main sources which caused the er- 
rors for the lower bound of fidelity to the maximally en- 
tangled state and the entanglement of formation. When 
the dislocation of the hologram is on the optical axis and 
the index of orbital angular momentum of a photon is 
changed, distribution of radial components also changes. 
In contrast, our calculation says, when the dislocation is 
shifted from the optical axis by some amount and one to 
one superposition of 0— and /i— 0AM states is generated 
through diffraction, distribution of radial components is 
almost identical to that for the incident photon. When 
we estimated the lower bound of fidelity, we used only 
the one to one superposition measurement bases of 0— 
and ?i— 0AM states and we could thus neglect the ef- 
fect of variation on the distribution of radial components. 
Dominant factor of error simply came from Poisson fluc- 
tuation in the number of coincidence counts. On the 
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FIG. 3: (color online). Graphical representation of the recon- 
structed density matrix, (a) is the real part and (b) is the 
imaginary part. 



other hand, since we could not perform the two-qubit to- 
mography simply by using such superposition measure- 
ment bases, the error of EOF came from both Poisson 
fluctuation in the number of coincidence counts and the 
variation on the distribution of radial components. For 
example, the diagonal elements of Fig.2-B do not exactly 
correspond to the relative probability between |0)^g |0)g 
and |1)as |1)s' because a single-mode fiber only selects 
out the p — Q part of the radial components. Fortu- 
nately, a theoretical estimate shows that the difference 
in the radial components of 0AM causes relatively small 
errors (it is less than 10%) which is comparable to the 
error originated from Poisson fiuctuation in the number 
of coincidence counts. In other words, the obtained coin- 
cidences can be approximated to give the relative proba- 
bility between |0)^g |0)g and |1)as |1)s- 

The EOF obtained was relatively small compared with 
typical values for the pair of photons generated by the 
PDC process [l^. The fidelity between pure state 
1^(7)) defined as Eq.Q and reconstructed mixed state 
yO, which is defined as (^(7)] p 1^(7)), is maximized when 



7 = 0.74e'°"'^, i.e., |*(7o)) = |*(7 = 0.74e'°-"'^)) cor- 
responds to the pure state approximation of the recon- 
structed density matrix. Since EOF estimated from 
|^(7o))(^(7o)| is 0.94 which is much larger than that 
for the reconstructed mixed state (0.76), the dominant 
factor hmiting EOF is not the deference in the relative 
amplitude but the lowness of the purity. 

An atomic coherence time between two ground states 
which was not sufficiently longer than the storage time 
(delay time St — 100 ns) may have caused the quantum 
correlation to decay and decreased the purity. The tran- 
sit time of atoms passing through the beam area was esti- 
mated to be about 1 ms by assuming the Doppler limited 
temperature (~ 140 /iK)) and this value is apparently 
much longer than the delay time. Lamor precession cy- 
cle of the ground state Zeeman sublevels caused by the 
residual magnetic field is roughly estimated to be the or- 
der of 5 /iS, which will be the main origin of reduction in 
the purity. By suppressing the eddy current, we would 
be able to prolong the coherence time and increase EOF 
as well as purity. 

While the difference about the relative amplitude be- 
tween |0)^g |0)jj and |+1)as l~l)a states did not effect 
the EOF so much in two dimensional case, it should 
be balanced to demonstrate higher-dimensional entangle- 
ment. Such a balancing will be achieved by optimizing 
the focusing of laser beams [17]. In our scheme, an atom- 
photon entanglement is converted to a photon-photon en- 
tanglement. Therefore, recently developed technique to 
check higher dimensional entanglement for twin photons 
[ISl . [l9l . I2OJ could be applied to verify higher dimensional 
atom-photon entanglement. 



V. CONCLUSION 

In summary, we demonstrated entanglement of 0AM 
states between a collective atomic excitation and a pho- 
ton. Storage of a quantum state involving the spa- 
tial mode associated with electromagnetically induced 
transparency [2l|] will enable us to share the higher- 
dimensional entanglement between two remote atoms. 
Since, in principle, the quantum mechanical phase of 
atoms can be manipulated by applying a far off resonant 
laser beam, entanglement concentration [5| in an atomic 
ensemble could also be achieved. The experiment de- 
scribed in this paper raises the possibility that the atomic 
ensemble could be projected to any desired 0AM state 
through the measurement of an anti-Stokes photon. By 
using a Bose-Einstein condensate as an atomic ensemble, 
any desired yrast states |22j| could be generated in the 
range of —Nh to Nh. 
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